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ABSTRACT

Sragen regency that is located in Central Java Province of Indonesia, is one of the areas that feels the direct 
impact of the high earth surface temperature. The various sectors in Sragen regency, including agriculture, 
health, and the environment are affected by the high temperature of the earth’s surface. The Sragen regency 
is geographically dominated by agricultural areas, which are very vulnerable to extreme earth surface 
temperatures. This has a direct effect on agricultural productivity and the availability of water for irrigation. 
This study examines the use of a semiparametric regression model with a Penalized Least Squares (PLS)-
based Fourier Series estimator to analyze the relationship between earth surface temperature and relative 
humidity in Sragen regency. The combining parametric and nonparametric components, the model effectively 
addresses complex climate data patterns. A dataset of 100 observations was analyzed under three training 
data scenarios N = 70, N = 80, and N = 90, yielding optimal Fourier coefficients of 1, 1, 1 and lambda values 
of 0,035, 0,028, and 0,02. The resulting minimum Generalized Cross Validation (GCV) values of 0,3534871, 
0,3711413, and 0,3918924. This model successfully made good predictions for testing data sizes of 30, 20, 
and 10, with MAPE values of 1,606545, 1,518221, and 1,018482. These results underscore the model’s ability 
to capture the inverse relationship between earth surface temperature and relative humidity. The study 
highlights the Fourier-based semiparametric approach’s effectiveness in dynamic scenarios and recommends 
applying it to other climate variables or regions to further evaluate its adaptability and robustness.

Keywords: Semiparametric Regression; Penalized Fourier Series Estimator; Earth Surface Temperature; 
Relative Humidity; Climate Change.

RESUMEN

La regencia de Sragen, ubicada en la provincia de Java Central, Indonesia, es una de las zonas que sufre 
el impacto directo de las altas temperaturas superficiales. Diversos sectores de la regencia, como la 
agricultura, la salud y el medio ambiente, se ven afectados por las altas temperaturas. La regencia de 
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Sragen está geográficamente dominada por zonas agrícolas, muy vulnerables a las temperaturas extremas 
de la superficie terrestre. Esto tiene un efecto directo en la productividad agrícola y la disponibilidad de 
agua para riego. Este estudio examina el uso de un modelo de regresión semiparamétrica con un estimador 
de series de Fourier basado en Mínimos Cuadrados Penalizados (MCP) para analizar la relación entre la 
temperatura de la superficie de la Tierra y la humedad relativa en la regencia de Sragen, Indonesia. Al 
combinar componentes paramétricos y no paramétricos, el modelo aborda de manera efectiva patrones 
complejos de datos climáticos. Se analizó un conjunto de datos de 100 observaciones en tres escenarios de 
datos de entrenamiento N = 70, N = 80 y N = 90, lo que arrojó coeficientes de Fourier óptimos de 1, 1, 1 y 
valores lambda de 0,035, 0,028 y 0,02. Los valores mínimos resultantes de Validación Cruzada Generalizada 
(VCG) de 0,3534871, 0,3711413 y 0,3918924. Este modelo realizó predicciones satisfactorias para tamaños 
de datos de prueba de 30, 20 y 10, con valores MAPE de 1,606545, 1,518221 y 1,018482. Estos resultados 
subrayan la capacidad del modelo para capturar la relación inversa entre la temperatura de la superficie 
terrestre y la humedad relativa. El estudio destaca la eficacia del enfoque semiparamétrico basado en 
Fourier en escenarios dinámicos y recomienda aplicarlo a otras variables climáticas o regiones para evaluar 
más a fondo su adaptabilidad y robustez.

Palabras clave: Regresión Semiparamétrica; Estimador de Series de Fourier Penalizado; Temperatura de la 
Superficie de la Tierra; Humedad Relativa; Cambio Climático.

INTRODUCTION
Drastic climate change is a phenomenon that we are currently experiencing in various countries in the 

world, not apart from Indonesia. Climate change in Indonesia has a huge impact because it causes several 
adverse natural phenomena such as natural phenomena such as floods, landslides, fires, earthquakes, volcanoes 
erupting and many others.(1) Basically, climate change is caused by the greenhouse effect by an increase in the 
concentration of gases in the air, one of which is carbon dioxide (CO2).(2) An increase in the concentration of 
CO2 gas causes the earth surface temperature to increase drastically.(3) This is because the concentration level 
of CO2 gas contained in the air plays a role in the percentage level of air humidity, if the percentage level of 
humidity in the air is smaller, the temperature of the earth’s surface will rise higher.(4)

Facing the challenge of climate change requires a comprehensive and integrated action from various sectors 
in society. A comprehensive and integrated action in addressing the impacts of climate change depends not only 
on how to reduce the level of gas emissions due to the greenhouse effect, but also on adaptation to the changes 
that occur.(5) Adaptations that can be made, such as increasing the resilience of agricultural systems by using 
plant varieties resistant to high earth surface temperatures, efficient and effective water management so that 
droughts do not occur, and infrastructure improvements to prepare for natural disaster risk management that 
may occurs.(6) In addition, sustainable environmental management, such as reforestation and land management 
in the right way, is highly recommended as a countermeasure, because it can reduce its negative impacts.(7) As 
we know that tackling before an event occurs is more effective than tackling after an event occurs. 

The high temperature of the earth’s surface is now a very troubling complaint for the community, because it 
has an impact on many sectors in Indonesia. Due to the high temperature of the earth’s surface, several existing 
sectors such as the agriculture, health, environment, and so on sectors are affected.(8,9) The high temperature 
of the earth’s surface in the agricultural sector causes irregular rainfall patterns so that the level of rainfall 
is very small. This has an impact on the agricultural sector by disrupting the growing season and potentially 
reducing crop yields.(10) As a result, local food security has a significant decrease. Furthermore, the rise in the 
earth surface temperature also affects the health sector because extreme heat causes skin problems. High earth 
surface temperatures can also cause dehydration and other diseases due to high temperature.(11) In addition, 
climate change can affect the spread of diseases such as dengue fever. In terms of the environmental sector, 
the high temperature of the earth’s surface causes prolonged drought which has an impact on fires in several 
Indonesian districts.(12) The impact of these fires usually occurs in places such as agriculture, plantations, 
settlements, and forestry. The high temperature of the earth’s surface is one of the obstacles that must 
be handled appropriately, and one of the factors that affect the temperature of the earth’s surface is the 
percentage of air humidity level. The relationship between the earth surface temperature and the percentage 
of air humidity level is an inverse relationship because the lower the percentage of air humidity level, the 
higher the earth surface temperature, and vice versa.(13) On the other hand, the earth surface temperature data 
obtained is in the form of time sequence data so that the time variable is also chosen as one of the variables 
in this study. 

Drought and flooding in Indonesia are natural disasters that often occur due to climate change. This disaster 
can cause various other problems to arise. Drought is one of them, it can cause several issues such as existing 
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plants are not as productive as usual or even wilt or die, and the land can no longer be planted due to the 
extreme drought. This often causes huge economic losses due to crop failure or crop failure due to lack of water 
resources.  The El Nino La Nina phenomenon that often occurs in Indonesia is one of the causes of changes in 
rainfall in Sragen Regency which has an impact on the occurrence of drought disasters. Indonesia’s National 
Disaster Management Agency said that 7 sub-districts in Sragen Regency experienced drought while other areas 
experienced floods and landslides.(14) The Drought Disaster Risk Index of Sragen Regency in 2020 was also high 
with a score of 24,0. Sragen Regency, which is known as a rice producing regency and also a rice supplier for 
Central Java, is capable of producing up to ±440 000 tons of rice. Rice farming of course requires large amounts 
of water consumption beyond the daily water needs of the population. It is feared that this large need for water 
will not be met when the dry season arrives. Sragen Regency is an area with an area of ​​941,55 km2, consisting of 
20 districts, 12 sub-districts, and 196 villages. The area of ​​Sragen Regency is physiologically divided into 42,62 
% rice fields (40 129 Ha) and 57,38 % dry land (54 026 Ha). The average height of the plains in Sragen district is 
109 m above sea level with a population of 976 951 people in 2020.(15)  

Sragen regency, located in Central Java Province, Indonesia, is one of the areas that feels the direct impact of 
the high earth surface temperature.(16) Various sectors in Sragen regency, including agriculture, health, and the 
environment are affected by the high temperature of the earth’s surface. Sragen is geographically dominated 
by agricultural areas, which are very vulnerable to extreme earth surface temperatures. This has a direct effect 
on agricultural productivity and the availability of water for irrigation.(17) Not only that, the people of Sragen 
face an increased risk of increasing the incidence of weather-related diseases, due to the high temperature of 
the earth’s surface. One of them is dengue fever, which tends to increase during and after the rainy period due 
to the breeding of the Aedes aegypti mosquito.(18) The impact of high earth surface temperatures is also very 
visible in the environmental sector in Sragen. One of the impacts on the environmental sector is the occurrence 
of fires in the Sragen area due to the high temperature of the earth’s surface, so that many plants die and 
facilitate the occurrence of fires.(19)

The above description is the main reference in taking the case to be researched, because it really needs to 
be researched immediately so that the problems that occur can get the right solution. Based on this urgency, 
an in-depth analysis is needed to model the functional relationship between the earth surface temperature (as 
the Y response variable) and the percentage level of air humidity (as the X predictor variable) using statistical 
modeling techniques. There are three main types of regression models, namely parametric regression model,(20) 
nonparametric regression model,(21,22,23,24,25,26,27,28,29,30) and semiparametric regression model(31,32,33,34,35,36,37) that 
can be used to determine the functional relationship between response variables and predictor variables. The 
parametric regression model assumes that the functional relationship between the response variable and the 
predictor follows a certain pattern.(20) In contrast, nonparametric regression models do not assume a specific form 
of curve pattern on the functional relationship between response variables and predictor variables.(21,22,23,24,25) In 
the nonparametric regression model, it has high flexibility because the functional relationship of the regression 
curve is considered smooth and can be estimated using certain smoothing methods based on data patterns.
(26,27,28,29,30) Furthermore, there is also a semiparametric regression model which is a combination of parametric 
and nonparametric models, which has high flexibility in analyzing the functional relationship between response 
and predictor variables that is presented by a regression curve.(31,32,33,34,35,36,37) In the semiparametric regression 
model, there are parametric and nonparametric components where some of the smoothing techniques are used 
to estimate the nonparametric component, i.e., kernel,(38,39) spline,(39,40) local linear,(41) local polynomial,(42) and 
Fourier series.(43,44,45,46,47,48)

One of the nonparametric regression approaches used to overcome fluctuating data patterns is to rise high or 
fall far in the range of values such as the shape of the sine and cosine curve patterns, namely the Fourier series 
estimator.(47) In temperature data where there is a fluctuation around a high value and at a certain time then 
decreases to a much lower value, it is very suitable for use in the Fourier series estimator. The repeating data 
pattern is very consistent with the Fourier series estimator, in the form of repetition of different independent 
or dependent variables.(48) In the optimization of the Fourier series estimator, there are several optimization 
methods that can be used, namely Least Squares (LS),(49) Weighted Least Squares (WLS),(49) and Penalized Least 
Squares (PLS).(50) The PLS is an optimization method that provides smoothing components to the LS method 
with optimization criteria that combine data matching with the smoothness of the curve. The PLS estimation 
is carried out to balance data adjustments and avoid excessive roughness.(50) Basically, the PLS is very good to 
use because in general, Generalized Cross Validation (GCV) cannot select really good parameters because the 
overfitting effect is ignored in the resulting model.(51) Based on this, penalized in an estimation method is an 
optimization that can be used to overcome overfitting.(51)

The application of Fourier series estimators on semiparametric regression using the PLS optimization has 
been applied in various cases and shows significant potential in overcoming the challenges faced by data 
that have fluctuating patterns.(43,44,47) Previous research on estimating semiparametric regression model 
using fourier series based on PLS has been carried out by Fan et al.(50) for estimating weakly dependent data, 
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namely a meteorological data set. The PLS optimization is very effective in balancing the need to follow data 
accuracy by avoiding overfitting.(50) The Fourier series estimators, with their ability to model data fluctuations 
as trigonometric functions, are well suited for data that show repetitive patterns such as the earth surface 
temperature. This capability is particularly relevant for the study of climate change, where parameters such as 
temperature and humidity have clear seasonal patterns.(52) 

Further research that integrates the Fourier series approach to semiparametric regression using the PLS 
optimization is expected to provide a more flexible method for understanding and forecasting changes in the 
earth surface temperature. This is not only important for academic purposes but also for policymaking, where 
data-driven decisions and accurate forecasting are urgently needed to plan and implement adaptation and 
mitigation strategies.

METHOD
Fourier series are trigonometric polynomials that have flexibility, so they can adapt effectively to the local 

nature of the data. Fourier series are good for describing curves that show sine and cosine. Semiparametric 
regression model estimation using Fourier series is one of the semiparametric regression model estimations 
that has good statistical interpretation and visual interpretation among other semiparametric regression model 
estimators. The advantage of model estimation using Fourier series is that it is able to handle periodic data 
characters, namely following a repeating pattern at a certain interval trend such as cyclical climate data 
patterns, and has good statistical and visual interpretation.(53) 

Next, suppose that we have a paired data (y,t,u1,u2,...,up) follows the following regression model:(50,51)

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Based on Equation 1 i with observation then variable as (yi,ti,u1i,u2i,...,upi) and the regression model follow:
𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Equation 2 can be written to matrix:

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Where y is vector respon variable with i observation, U is matric predictor variable for parametric component, 
β is vector parameter for parametric component, g(t) is vector nonparametric regression function and ε~Nn 
(0,σ2I).

Parametric component g(t) can be approach by fourier series estimator. The fourier series estimator have 
high fleksibelity, then really good to use in volatile data. The function for Fourier series can be written as 
follows:(49,51)

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

The PLS is a good optimization method to avoid overfitting effect and the PLS has been used to solved 
estimation semiparametric model using Fourier series estimator. The function for PLS method on semiparametric 
using Fourier series estimator can be written as follows:(50)

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Based on equation 5, the function for the PLS method in a semiparametric model using the Fourier series 
estimator yields the following estimates:

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Data and Metadata. 2025; 4:890  4 

https://doi.org/10.56294/dm2025890


Where:

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

To get the best estimation, one of the most important things is to choose an optimal bandwidth with associated 
Kernel function. This can be performed using Generalized Cross-Validation criterion with the following formula:

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Where K=[U’ VU]-1 U’ V, L=H(I-HU[U’ VU]-1 U’V), and ‖.‖ is norm of a vector.
The error rate measurement to compare the best estimator is based on MAPE value proposed by Moreno et 

al.(52) as follows:

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

Where T is the size of the sample, yt is the value predicted by the model for time point t and y is the value 
observed at time point t. The MAPE values criteria are shown in table 1.(52)

Table 1. MAPE Value Criteria

MAPE Definition

< 10 Highly Accurate

10 – 20 Accurate

20 – 50 Reasonable

>50 Inaccurate

Source: Moreno et al.(52)

The process of conducting statistical analysis with a semiparametric method utilizing a The penalized Fourier 
series can be outlined as follows:

1.	 Gather data on earth surface temperature and relative humidity as the primary variables for the 
analysis.  

2.	 Enter earth surface temperature data at time t and relative humidity data at time t into the 
analysis framework for processing.  

3.	 Develop scatter plots to visualize the relationship between earth surface temperature at time t 
and relative humidity at time t, as well as between earth surface temperature at time t and time, to 
observe the interaction patterns among these variables.  

4.	 Determine an appropriate semiparametric regression model to describe the relationships between 
earth surface temperature, relative humidity, and time.  

5.	 Implement the selected semiparametric regression model to study the associations between earth 
surface temperature at time t, relative humidity at time t, and time.

6.	 Calibrate the model by employing the Generalized Cross-Validation (GCV) method to identify 
optimal parameter values.  

7.	 Evaluate the model’s predictive accuracy using the Mean Absolute Percentage Error (MAPE) metric.  
8.	 Select the model with the highest accuracy based on the MAPE evaluation results.  
9.	 Leverage the chosen model to forecast earth surface temperature and verify the predictions using 

datasets.  
10.	Interpret the prediction outcomes and document the patterns observed in the relationship between 

earth surface temperature and relative humidity as identified by the model.  

The process for analyzing and predicting earth surface temperature and relative humidity data is summarized 
in the flow diagram (figure 1). The process begins with data collection and entry, followed by scatter plot 
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generation to examine relationships among earth surface temperature, relative humidity, and time. Next, a 
suitable semiparametric regression model is selected, optimized using GCV, and assessed with MAPE. The model 
with the best performance is used for predictions, and the results are analyzed to uncover patterns in earth 
surface temperature and relative humidity data (figure 1).

Figure 1. Flowchart of the study on predicting earth surface temperature variations in Sragen
 
RESULTS AND DISCUSSION

The data used in this study is 100 data, which is divided into training data and data testing. For the 
distribution of training data, it was divided consecutively, namely 70, 80, and 90 data. As for the distribution 
of testing data, it is divided consecutively, namely 30, 20, and 10 data. The first thing in this study is to check 
the relationship or correlation between earth surface temperature and relative humidity on the three training 
data. This check was carried out using statistical analysis of correlation which aims to determine the strength 
and direction of the relationship between the two earth surface temperature variables symbolized by EST and 
relative humidity symbolized by RH. To measure correlation, the Pearson correlation coefficient is used, which 
gives a value between -1 to 1. Positive values indicate a positive correlation, while negative values indicate 
negative correlations. The following figure (figure 2) shows the correlation plots between EST and RH for 70 
training data, 80 training data, and 90 training data.

Figure 2. (a) Correlation plot of 70 training data. (b) Correlation plot of 80 training data. (c) Correlation plot of 90 training data
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Based on figure 2, the following are the results of the correlation values in the form of a table based on the 
Correlation matrix between EST and RH:

Table 2. Correlation matrix for each N

N =70 N = 80 N = 90

EST RH EST RH EST RH

EST 1,0000000 -0,9700351 1,0000000 -0,9656242 1,0000000 -0,9640268

RH -0,9700351 1,0000000 -0,9656242 1,0000000 -0,9640268 1,0000000

In table 2, with the correlation values shown in the matrix -0,9700351, -0,9656242, and -0,9640268, which 
show a correlation between EST and RH. A negative correlation value means that the relationship between 
temperature and relative humidity is inversely proportional, that is, when the earth surface temperature rises, 
the relative humidity value will decrease, and vice versa.

The next stage is to form a time series plot on each training data, namely earth surface temperature 
with relative humidity to check the distribution of data. Figure 3 shows scatter plots of the earth surface 
temperature (EST) and the relative humidity (RH).

Figure 3. (a) Scatter plot of 70 training data. (b) Scatter plot of 80 training data. (c) Scatter plot of 90 training data

The results of the scatter plots in figure 3 show that the three training data have a pattern that follows a 
linear assumption with a descending line which means showing the parametric negative relationship between 
the three training data between EST and RH. To strengthen the assumption, a linearity test was carried out by 
following a linear regression model and the following results were obtained:

Table 3. Significance test of linear model parameters

N = 70 N = 80 N = 90

Pr(>|t|) Pr(>|t|) Pr(>|t|)

(Intercept) <2e-16 *** <2e-16 *** <2e-16 ***

RH2M        <2e-16 *** <2e-16 *** <2e-16 ***
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It can be seen in the table above for each training data competition that the coefficient value is less than 
α=0,05 the meaning of the significant linear model coefficient. It can be concluded that the variables between 
EST and RH have a linear relationship.  Next, we create a scatter plot between EST and time, and the scatter 
plot is shown in figure 4. 

Figure 4. (a) Scatter plot of 70 training data. (b) Scatter plot of 80 training data. (c) Scatter plot of 90 training data

(a)
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(b)

(c)
Figure 5. (a) GCV plot for N=70. (b) GCV plot for N=80. (c) GCV plot for N=90

Based on figure 4, the scatter plot between EST and time does not seem to form a specific pattern. This 
indicates that a nonparamteric regression approach can be used. Therefore, knowing that the functional 
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relationship between EST and RH is linear while the functional relationship between EST and time does not 
form a specific pattern, the semi-parametric regression approach is used in this case. This approach involves 
finding the minimum Generalized Cross Validation (GCV) value using a Fourier series estimator. In this study, 
the limit for the Fourier series coefficient is 15. The GCV plots for each Fourier coefficient of all three training 
data are presented in figure 5.

Based on figure 5 it can be seen that each Fourier coefficient has its minimum GCV value and the corresponding 
lambda, respectively. The values of each GCV and lambda on each of the Fourier coefficients are given in table 4.

Table 4. GCV and Lambda values from K = 1 to K = 10 for each N

N = 70 N = 80 N = 90

K GCV Lambda K GCV Lambda K GCV Lambda

1 0,3534871 0,035 1 0,3711413 0,028 1 0,3918924 0,02

2 0,3734924 0,14 2 0,4728418 22,8 2 0,4796277 17,9

3 0,4033425 69 3 0,4697023 0,79 3 0,467037 0,25

4 0,4032988 69 4 0,4729677 79 4 0,4796707 89

5 0,3996436 0,72 5 0,4615144 0,34 5 0,4515693 0,15

6 0,4033412 69 6 0,4729007 79 6 0,4796329 62,9

7 0,403263 69 7 0,4729464 79 7 0,4787159 1,63

8 0,3762748 0,16 8 0,4681612 0,61 8 0,479689 89

9 0,3747158 0,16 9 0,4408315 0,15 9 0,4446873 0,12

10 0,3608138 0,109 10 0,4003833 0,07 10 0,4341343 0,1

11 0,3660474 0,13 11 0,4722082 2,13 11 0,4785247 1,44

12 0,398974 0,67 12 0,470282 0,9 12 0,4789971 1,96

13 0,3905162 0,29 13 0,4388478 0,14 13 0,4481078 0,13

14 0,4033847 69 14 0,4729398 79 14 0,4796829 89

15 0,403237 69 15 0,4729951 79 15 0,4797591 89

Furthermore, based on the figure 5 and table 4, the GCV value for each Fourier coefficient in the training 
data has a minimum GCV value at the first fourier coefficient for N=70, then the fourier coefficient one for 
N=80 and the fourier coefficient one for N=90. It can be concluded that the best semiparametric model to be 
where is the sixth Fourier coefficient with a minimum GCV value of N=70 from 0,3534871 and lambda 0,035. 
Then lie down in the first quadruier coefficient with a minimum GCV value of N=80 from 0,3711413 and lambda 
0,028. The first Fourier coefficient with a minimum GCV value of N=90 is 0,3918924 and lambda is 0,02. The 
best semiparametric model based on the characteristics of the minimum GCV using a Fourier series estimator 
can be written as follows:

For N=70, we have:

𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1 + 𝛽𝛽2𝑢𝑢2+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝 + 𝑔𝑔(𝑡𝑡) + 𝜀𝜀          (1) 

 

𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑢𝑢1𝑖𝑖 + 𝛽𝛽2𝑢𝑢2𝑖𝑖+. . . +𝛽𝛽𝑝𝑝𝑢𝑢𝑝𝑝𝑝𝑝 + 𝑔𝑔(𝑡𝑡𝑖𝑖) + 𝜀𝜀𝑖𝑖, 𝑖𝑖 = 1, 2, . . . , 𝑛𝑛.           (2) 

 

𝒚𝒚 = 𝐔𝐔′𝜷𝜷 + 𝒈𝒈(𝒕𝒕) + 𝜺𝜺         (3) 
 

𝑔̂𝑔(𝑡𝑡𝑖𝑖) = 𝛼̂𝛼0 + ∑ [𝑐𝑐𝑗𝑗(𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖)) + 𝑑𝑑𝑗𝑗(𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜋𝜋𝑡𝑡𝑖𝑖))]𝐽𝐽
𝑗𝑗=1 .                         (4) 

 

min
𝛽𝛽𝛽𝛽𝑅𝑅𝑟𝑟+1,𝑔𝑔𝑔𝑔𝑔𝑔(0,1)

[𝑛𝑛−1(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕))′(𝒚𝒚∗ − 𝒈𝒈(𝒕𝒕)) + 𝜆𝜆 ∫ (𝒈𝒈(2)(𝒕𝒕))
2

𝑑𝑑𝑑𝑑1
0 ]               (5) 

 

𝒚̂𝒚(𝒖𝒖, 𝒕𝒕) = 𝑼𝑼𝜷̂𝜷 + 𝒈̂𝒈(𝒕𝒕); 𝜷̂𝜷 = [𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽𝑽𝑽 ; and  𝒈̂𝒈(𝒕𝒕) = 𝑯𝑯(𝑰𝑰 − 𝑯𝑯𝑯𝑯[𝑼𝑼′𝑉𝑉𝑼𝑼]−1𝑼𝑼′𝑽𝑽)𝒚𝒚 
 

𝒚𝒚 = (
𝑦𝑦1
𝑦𝑦2
⋮

𝑦𝑦𝑛𝑛

) ; 𝐔𝐔′ = [
1 𝑢𝑢11 𝑢𝑢21
1 𝑢𝑢12 𝑢𝑢22

⋯ 𝑢𝑢𝑝𝑝1
⋯ 𝑢𝑢𝑝𝑝2

⋮ ⋮ ⋮
1 𝑢𝑢1𝑛𝑛 𝑢𝑢2𝑛𝑛

⋱ ⋮
⋯ 𝑢𝑢𝑝𝑝𝑝𝑝

]; 𝜷𝜷 = (
𝛽𝛽0
𝛽𝛽1
⋮

𝛽𝛽𝑝𝑝

); 𝑯𝑯 = 𝑭𝑭(𝑛𝑛−1𝑭𝑭′𝑭𝑭 + 𝜆𝜆∗𝑫𝑫)−1𝑛𝑛−1𝑭𝑭′ ; and 𝑽𝑽 =

(𝑰𝑰 − 𝑯𝑯)′(𝑰𝑰 − 𝑯𝑯).  
 

𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑛𝑛−1‖(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳)𝒚𝒚‖2

(𝑛𝑛−1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝑰𝑰−𝑼𝑼𝑼𝑼−𝑳𝑳))2                                            (6) 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑇𝑇 ∑ |𝑦𝑦𝑡𝑡−𝑦̂𝑦𝑡𝑡|

𝑦𝑦𝑡𝑡
×𝑇𝑇

𝑡𝑡=1 100 %                                      (7) 

 

𝑦𝑦𝑖𝑖 = −2,583678𝑒𝑒 − 19 + (−0,1863643) 𝑢𝑢1𝑖𝑖 + 42,82742 + (−0,0007323958) cos (2𝜋𝜋𝜋𝜋𝑖𝑖)
+ 0,00178221 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 

For 𝑁𝑁 = 80 , we have: 
𝑦𝑦𝑖𝑖 = −2,609251𝑒𝑒 − 17 + (−0,183842) 𝑢𝑢1𝑖𝑖 + 42,55465 + −0,0006943916 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,002908398 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
For 𝑁𝑁 = 90 , we have: 
𝑦𝑦𝑖𝑖 = 6,291741𝑒𝑒 − 19 + (−0,16612) 𝑢𝑢1𝑖𝑖 + 41,26539 + 0,0002542628 cos (2𝜋𝜋𝜋𝜋𝑖𝑖)

+ 0,003947357 sin(2𝜋𝜋𝑡𝑡𝑖𝑖) 
 

After obtaining the best semiparametric regression model on each training data, the next step in this study 
is to measure the accuracy and performance of the semiparametric regression model using a Fourier series 
estimator. This is done using the Mean Absolute Percentage Error (MAPE) for each of the best semiparametric 
regression models obtained. MAPE measures forecasting error in the form of percentages, with smaller values 
indicating higher accuracy. Plot of the actual data and predictions of each N along with the Fourier Coefficient 
are presented in figure 6.
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Figure 6. Plot of actual data and predictions for (a) N = 70. (b) N = 80. (c) N = 90

Based on figure 6, it can be seen that the forecasting data demonstrates good performance. For each N with 
the best Fourier coefficients, the model shows a strong ability to explain data variability and a low error rate 
in the testing data. Therefore, the semi-parametric regression model using the Fourier series estimator can be 
used to evaluate forecasting performance by comparing the predicted data with the testing data. The plots of 
the predicted data compared to the testing data based on the best semi-parametric regression model using the 
Fourier series estimator are presented in figure 7.

Figure 7. Plots of actual data and predictions for (a) N = 30. (b) N = 20. (c) N = 10
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Table 5. MAPE values from the testing data for each N

N=30 N=20 N=10

MAPE MAPE MAPE

1,606545 1,518221 1,018482

Table 6. Values of GCV for N=70, N=80, and N=90

N=70 N=80 N=90

K GCV GCV GCV

1 0,3543943 0,3717146 0,3923186

2 0,3760212 0,4837378 0,4894241

3 0,4249463 0,4771473 0,4704768

4 0,4220604 0,4949033 0,493964

5 0,4066091 0,4661733 0,4538796

6 0,4248638 0,4897925 0,4908476

7 0,4193882 0,4931437 0,4871929

8 0,3789435 0,4746563 0,4955042

9 0,3772579 0,4432858 0,4465855

10 0,3626551 0,4015302 0,4356699

11 0,3681756 0,4822778 0,48666

12 0,4056925 0,477965 0,4877531

13 0,3946605 0,4412212 0,4501726

14 0,4279155 0,4926211 0,4951409

15 0,4176262 0,4969854 0,5017819

It can be seen in figure 7 that the forecasted data is not much different from the actual data, where this 
assumption is reinforced by obtaining the MAPE values given in table 5.

Additionaly, the GCV (Generalized Cross-Validation) values with lower limit, upper limit, and increment of 
zero for N=70, N=80, and N=90 are presented in table 6.

Next, in the following table (table 7), the RMSE and MAPE values ​​are presented at the best Fourier coefficient 
(K), namely K=1, for N=10 with a lambda value of 0,035, for N=20 with a lambda value of 0,028, and for N=300 
with a lambda value of 0,02 which is used for testing data.

Table 7.  Values of RMSE and MAPE for N-30. N=20, and N=10

N=30 N=20 N=10

RMSE MAPE RMSE MAPE RMSE MAPE

0,5590762 1,606545 0,5074921 1,518221 0,3158802 1,018482

Furthermore, comparison of GCV (Generalized Cross-Validation) values ​​based on Ordinary Least Squares 
(OLS) method and Penalized Least Squares (PLS) method for N=70, N=80, and N=90 is presented in the following 
table.

Table 8. Comparison of GCV values based on OLS and PLS methods for N=70, N=80, and N=90

N=70 N=80 N=90

K
GCV

Ordinary 
Least Squares

GCV Penalized 
Least Squares

GCV
Ordinary 

Least Squares

GCV Penalized 
Least Squares

GCV
Ordinary 

Least Squares

GCV
Penalized 

Least Squares

1 0,3543943 0,3534871 0,3717146 0,3711413 0,3923186 0,3918924

2 0,3760212 0,3734924 0,4837378 0,4728418 0,4894241 0,4796277

3 0,4249463 0,4033425 0,4771473 0,4697023 0,4704768 0,467037

4 0,4220604 0,4032988 0,4949033 0,4729677 0,493964 0,4796707

5 0,4066091 0,3996436 0,4661733 0,4615144 0,4538796 0,4515693

6 0,4248638 0,4033412 0,4897925 0,4729007 0,4908476 0,4796329
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7 0,4193882 0,403263 0,4931437 0,4729464 0,4871929 0,4787159

8 0,3789435 0,3762748 0,4746563 0,4681612 0,4955042 0,479689

9 0,3772579 0,3747158 0,4432858 0,4408315 0,4465855 0,4446873

10 0,3626551 0,3608138 0,4015302 0,4003833 0,4356699 0,4341343

11 0,3681756 0,3660474 0,4822778 0,4722082 0,48666 0,4785247

12 0,4056925 0,398974 0,477965 0,470282 0,4877531 0,4789971

13 0,3946605 0,3905162 0,4412212 0,4388478 0,4501726 0,4481078

14 0,4279155 0,4033847 0,4926211 0,4729398 0,4951409 0,4796829

15 0,4176262 0,403237 0,4969854 0,4729951 0,5017819 0,4797591

Finally, the difference curves of GCV values ​​based on Ordinary Least Squares (OLS) and Penalized Least 
Squares (PLS) methods are presented in figure 8.

In the modeling patterns of cyclical climate data, Fourier series often demonstrates a clear advantage over 
methods like splines and kernels due to its ability to effectively represent periodicities. Fourier series excel at 
capturing the harmonic structure inherent in climate data, while splines and kernels can struggle to represent 
these periodicities without being prone to over- or under-fitting. The superiorities of Fourier series compared 
to splines and kernels are that the Fourier series has strengths in the following areas: (a). Decomposes cyclical 
patterns: Fourier series excels at breaking down time series data into a sum of sinusoidal functions with 
varying frequencies and amplitudes, directly reflecting the cyclical nature of climate data; (b). Efficient for 
periodic signals: When data exhibits a clear periodic trend (e.g., daily, monthly, or annual cycles), Fourier 
series provides a concise and accurate representation; and (c). Well-suited for long-term climate analysis: By 
capturing the dominant frequencies and amplitudes, Fourier series can identify and analyze long-term trends 
in climate data. In the contrary, the splines and kernels have limitations in these áreas: (a). Less efficient for 
cyclical patterns: Splines and kernels might not be as effective as Fourier series in capturing the underlying 
cyclical structures in climate data; and (b). Can be computationally expensive: Splines and kernel methods 
can be computationally intensive, especially for large datasets.(54) In summary, for climate data where cyclical 
patterns are dominant (e.g., seasonal temperatures, solar cycles), Fourier series provide a more efficient and 
effective approach compared to splines or kernels. Splines and kernels are better suited for capturing non-
periodic variations or interpolating missing data.(54)

Figure 8. Difference curves of GCV values based on OLS and PLS methods
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CONCLUSIONS 
This study applies a semi-parametric regression model with a Fourier Series estimator based on PLS to 

examine the relationship between earth surface temperature and relative humidity in Sragen regency. By 
combining parametric and nonparametric components, the model effectively handles fluctuating data patterns 
in three training scenarios (N = 70, 80, 90) with optimal Fourier coefficients of 1, 1, 1 and lambda values of 
0,035, 0,028, and 0,02, respectively. The estimation results show minimal differences between the actual and 
predicted values, indicating reliable performance. This model successfully made good predictions for testing 
data sizes of 30, 20, and 10, with MAPE values of 1,606545, 1,518221, and 1,018482, respectively. These 
results highlight the effectiveness of the Fourier-based semi-parametric approach in modeling the inverse 
relationship between earth surface temperature (EST) and relative humidity (RH) while maintaining accuracy 
in analyzing complex data. Future research could extend this approach to other regions or variables, enhancing 
its application for climate-related studies and policy development. 
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